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The seven bridges of Königsberg: Euler (1736)

Is it possible to walk through the town by crossing each bridge only once?



The seven bridges of Königsberg: Euler (1736)

I If a path through this network is going to cross each node (bridge)
exactly once, then each node within the path must have an even
number of edges attached to it.

I Since, whenever you enter the node by one edge, you need to leave
it by another, so the node needs two edges if you visit it once.

I The only nodes that can have an odd number of edges attached to
them are the nodes where the walk starts and ends.



Jacob Moreno (1932): The birth of social network analysis

Jacob Moreno (1932) is credited as one of the founders of social network
analysis.

In a highly influential study he introduced the notion of a sociogram,
which is what we now term a social network.

I Moreno’s study explored relationships between pupils in a classroom.
I A key question asked to each student: "Who wants to sit next to

whom?"
I This relation defined a (directed) edge in the network.
I Each student could choose two students.
I In the networks which follow, boys are denoted by triangles and girls

by circles.
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Social network analysis

I Social network analysis remained quite a small field of study until
around 20 years ago.

I Since then there has been a rapid interest in networks.

I The emerging field of Network Science contains many players:
Computer Science, Mathematics, Physics, Sociology and

....
Statistics.

I Network Science is an area where statistics can (and will continue
to) make a strong contribution!!
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About this tutorial

In this tutorial, I’ll introduce you to the area of what one might call

Statistical Network Analysis.

It is useful to distinguish between the statistical analysis of or on a
network. We will focus on the former. In particular we’ll discuss:

1. Descriptive statistics for networks.
2. Statistical models for networks.
3. An outline of some statistical issues.



Examples of networks: karate dataset



Networks often hold more information than just edges
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1. Identification of head teacher (Mr. Hi) and administrator (John A.)
2. Membership of each faction (red or blue).
3. Relative interaction between members (denoted by edge thickness).
4. Vertices sized in proportion to their degree.
5. ...



Examples: French blogs

Network consists of 126 nodes, each representing blogs’ hostnames and
∼ 2900 edges correspond to the hyperlinks between webpages.

Colours represent the political affiliation of each blog.



Bipartite networks

actor1

actor2

actor3

movie1

movie2

Edges can only form between actors and movies in which they starred.



Bipartite networks: one mode projections

actor1
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This displays the one-mode projection of the "actors" node set. Two
actors are connected if the starred in the same movie.



Bipartite networks and the Kevin Bacon game



Is there an academic version of the Kevin Bacon game?

Yes! The Erdös number.

1. Paul Erdös has an Erdös number of 0.
2. Anybody else’s Erdö number is k + 1

where k is the lowest Erdös number of any
coauthor.

Note: Erdös wrote around 1.5k papers and had
around 150 collaborators!!



Is there an academic version of the Kevin Bacon game?

Yes! The Erdös number.

1. Paul Erdös has an Erdös number of 0.
2. Anybody else’s Erdö number is k + 1

where k is the lowest Erdös number of any
coauthor.

Note: Erdös wrote around 1.5k papers and had
around 150 collaborators!!



And, bizzarely:

Erdös-Bacon number = Erdös number + Bacon number

Eg, Richard Feyman has an Erdö-Bacon number of 6!
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Descriptive statistics for network data

Here we will consider several means to characterise network data.

1. summary statistics.
2. The degree distribution.
3. Vertex centrality.



Some notation and basic concepts

A graph G = (V ,E ) consists of a set of vertices V and a set of edges E .

Where V = {1, . . . , n} and E ⊂ V × V

Some examples include:

Vertex Relationship Edge type
Person Friendship Binary
Bank Inter-bank loan Non-negative
Person emails exchanged Counts
Country Trades agreements Non-negative



Adjacency matrix
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A binary adjacency matrix and its representation as a network.



Network summaries
There are many way to summarise the information in a network,
including:

I The density corresponds to the frequency of realised edges relative
to all possible edges.

I A path length between two nodes is the number of edges along the
shortest path connected them.

I The diameter of a network is the length of the longest path.

I The shortest path length is sometimes called the geodesic distance
and can represent how information flows between vertices.

I The average shortest path length can be used to summarise
information flow for the entire network.



Network summaries
The clustering coefficient

I The clustering coefficient is defined as

cl(G) =
3τa(G)
τ3(G) ,

where τa(G) denotes the number of triangles in G and τ3(G)
denotes the number of connected triples, ie, subgraphs of 3 nodes
connected by 2 edges.

I The clustering coefficient is sometimes call the transitivity of G as it
counts the frequency with which connected triples are closed to form
triangles.

I The karate network has a clustering coefficient of around 0.25.



The degree distribution of a network

1. The degree of vertex i is simply the number of edges which it is
connected to.

2. For a weighted network, the strength of vertex i is the sum of the
weights of edges incident to i . (The strength distribution is often
called the weighted degree distribution.)



The degree distribution: karate network
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The weighted degree distribution: karate network
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Yeast: Protein-Protein interaction network

Network of interactions among protein-protein pairs in yeast.



Yeast: Protein-Protein interaction network
Degree Distribution

Degree

F
re

qu
en

cy

0 20 40 60 80 100 120

0
50

0
10

00
15

00
20

00

The distribution of vertex degrees is quite hetergeneous. Many vertices
have low degree, but there are also some vertices with degrees with very
high degrees.



Yeast: Protein-Protein interaction network

A log-log scale is more appropriate here to summarise the degree
distribution.
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Yeast: Protein-Protein interaction network
It can be useful to examine how vertices of different degrees are linked to
each other.
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There is a tendency for high degree vertices to link to one another. But
also low degree vertices tend to link to both high and low degree vertices.



Vertex centrality

The notion of vertex centrality aims to capture the idea that some
vertices are important in the network.

There have been numerous centrality measures presented in the literature.



I Degree centrality: We’ve just seen this. Nodes with high degree are
more central.

I Closeness centrality: Vertices which are central are ’close’ to other
vertices.

Cclose(v) = 1∑
u∈V d(u, v) ,

where d(u, v) is the geodesic (or shortest path length) between
vertices u and v .



I Betweenness centrality: Measures the number of times a vertex lies
on the shortest path between other vertices.
For example, if a vertex appears in many paths between any two
vertices (eg, when information flows in the network), then that
vertex is likely to be central to the communication process.

Cbetween =
∑

s 6=t 6=v∈V

σ(s, t|v)
σ(s, t) ,

where σ(s, t|v) is the total number of shortest paths between s and
t which pass through v . While σ(s, t) is is the total number of
shortest paths between s and t.



Karate network
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Karate network: centrality measures

Degree Closeness Betweenness
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Why do we need statistical models for network data?

The reasons are numerous!

1. To model the interdependence of edges in a network.

2. To assess uncertainty in model parameters.

3. To understand structure in a network, eg, clustering of nodes in the
networks. How many? Which cluster is a node allocated to?

4. Predicting missing edges.

5. And so on...



Erdös-Renyi random graph model

I A simple model for binary random graphs which assumes that
Yij ∼ Bern(p). In other words, all edges are assumed to be
independent Bernoulli random variables.

I The number of observed edges, E , is a sufficient statistic.

I The likelihood is expressed as

f (y |p) =
∏
i<j

pyij (1− p)1−yij = pE (1− p)
N(N−1)

2 −E

I The maximum likelihood estimator is p̂ = E
N(N−1)/2 .



Erdös-Renyi random graph model

I The degree distribution for any vertex follows a Bin(N, p)
distribution.

I In particular, the average degree is Np.

I If Np < 1, then the graph will have no connected components of
size larger than O(log N), a.s.

I If Np = 1, then the graph will have a largest component whose size
is of order N2/3, a.s.

I ...

I This model has been very well studied from a mathematical
perspective, however, its use as a statistical model is severely limited!



Stochastic block models

I The Stochastic Block Model (SBM) proposed by (Nowicki and
Snijeders, 2001) is a finite mixture model for network data.

I An SBM stochastically paritions the nodes into k blocks. Nodes
within each block are modelled as a Erdös-Renyi random graph.

I The nodes are characterised by a latent cluster membership variable.

I The probability of observing a certain edge is determined only by the
clustering variables of the two nodes.



Stochastic block models: Model specification

I The SBM assumes that the nodes are partitioned in k clusters.

I The cluster membership of each node i is denoted by
zi ∈ {1, . . . ,K} where P(zi = g) = αg , g = 1, . . . , k.

I Given zi = g and zj = h, the probability of observing an edge yij is
given by πgh ∈ [0, 1].

I The k × k matrix of block connection probabilities is denoted by
Π = {πgh}.

I Given zi = g and zj = h, an edge is then drawn from a Bernoulli
distribution with probabililty πgh:

yij |(zi = g , zj = h) ∼ Bern(πgh).



Stochastic block models

This SBM leads to a simple yet flexible generative model for networks.

Given α = (α1, . . . , αk) and the k × k matrix Π:

1. Independently sample zi ∼ Multinomial(1, α), for i = 1, . . . ,K .
2. Then, given the latent allocations Z = (z1, . . . , zn), all the edges are

drawn independently:

p(y |Z ,Π) =
n∏

i 6=j
p(yij |zi , zj ,Π)

=
n∏

i 6=j

k∏
g,h

Bern(yij ;πgh)I(zi =g,zj =h)

The Bayesian model is specified by placing priors on Z and Π.



One of the thing that you don’t know... is the number of
things that you don’t know!

From a statistical perspective a source of uncertainty is the number of
blocks/clusters, k!

I Statisticians are used to dealing with this issue! (Although it is
non-trivial in the case of SBMs).

I In principle, one could apply a raft of well-studied approaches:

I Expectation-Maximisation
I Reversible-jump MCMC, alá Richardson and Green (1998).
I ...



French blogs network

Edges correspond to the hyperlinks from one blogpage to another.
Colours correspond to polotical affiliation of each blog (vertex).



French blogs network: SBM analysis

Here we analysed this network using mixer package in R. Note that the
ICL criteria was used to assess the number of block. (I’ll say more about
ICL in the second talk!)

The most likely number of groups was found to be k = 12.

We estimate the weight vector α as:

α1 α2 α3 α4 α5 α6
0.151 0.127 0.108 0.057 0.136 0.031
α7 α8 α9 α10 α11 α12

0.124 0.093 0.01 0.021 0.125 0.016



French blogs network: SBM analysis
We can also explore the posterior probability of block membership for any
vertex:

[,1] [,2] [,3]
[1,] 9.999747e-01 0.0049113540 9.999815e-01
[2,] 1.397536e-05 0.0000000001 7.575306e-07
[3,] 9.612567e-06 0.9942207789 1.769457e-05
[4,] 1.000000e-10 0.0000000001 1.000000e-10
[5,] 1.338258e-06 0.0000000001 8.198546e-09
[6,] 1.000000e-10 0.0000000001 1.000000e-10
[7,] 3.545885e-07 0.0008678662 6.114376e-08
[8,] 1.000000e-10 0.0000000001 1.000000e-10
[9,] 1.000000e-10 0.0000000001 1.000000e-10

[10,] 1.000000e-10 0.0000000001 1.000000e-10
[11,] 4.434434e-09 0.0000000001 1.000000e-10
[12,] 1.000000e-10 0.0000000001 1.000000e-10

We see that nodes 1 and 3 are most probably assigned to block 1. While
node 2 is most probably assigned to block 3.



French blogs network: SBM analysis
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Other statistical network models
Exponential random graph model

f (y |θ) = exp{θT s(y)}
z(θ) = qθ(y)

z(θ) .

I y observed adjaceny matrix with n nodes where yij = 1, if there an
edge connecting nodes i and j ; otherwise, yij = 0.

I s(y) ∈ Rk is a known vector of sufficient statistics.
I θ ∈ Rk is a vector of parameters.
I z(θ) is a normalizing constant.

z(θ) =
∑

all possible graphs
exp{θts(y)}.

I 2(n
2) possible undirected graphs of n nodes.

I Calculation of z(θ) is infeasible for non-trivially graphs.



edge mutual edge 2-in-star 2-out-star
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Other statistical network models
The latent position cluster model

I {yi,j} set of binary relations between
n nodes.

I log
{
π(yij =1|zi ,zj ,β)
π(yij =0|zi ,zj ,β)

}
= β − ||zi − zj ||.

I Each actor i is assumed to take a
random position zi ∈ Rd in a latent
social space.

I zi ∼
∑G

g=1λgMVNd (µg , σg
2Id ),

i = 1, . . . , n.

I π(ki = g |λ,G) = λg , g = 1, . . . ,G
and i = 1, . . . , n.
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Modelling block or bipartite networks
Often the network is in the form of a bipartite network.

Where nodes of one colour can only connect to nodes of the other colour.

Often this type of network is called an affiliation network. Eg, used to
model clubs and their members.

Here the adjacency matrix is usually rectangular!



Bipartite networks: examples

This network consists of 435 congressmen
(members) voting on 16 key issues (clubs).

Here it is of interest to examine if there are
groups (or clusters or blocks) of
congressmen who vote in a similar way. But
also of interest to simultaneously see if
there is clustering of the issues.

Once again, another problem where one of
the things that you don’t know is the
number of things that you don’t know!



Bipartite networks: examples

It turns out that our
best estimate of the
number of groups is:

6 groups of
congressmen and 11
groups of issues.



Bipartite networks: examples
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Statistical bipartite network models as a framework
recommender systems?

Movie−Lens data
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Movie-Lens data:
943 users
1682 movies
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Movies → clubs
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Software and other resources

I https://statnet.org

I The R package igraph

I The R package mixer

I I highly recommend the textbook: Statistical Analysis of Network
Data by Eric Kolaczyk (Springer) 2009.

I There is also a companion textbook: Statistical Analysis of Network
Data with R by Eric D. Kolaczyk and Gábor Csárdi. (Springer) 2014.
(Some of the worked examples were taken from this book – I
strongly recommend this book to anyone wishing to get started
using R to analyse networks.)

https://statnet.org
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