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Observational Uncertainty in Bayesian Networks and State 
Space Models

Introduction
The popularity of BNs and related models stem in part from their

flexibility to integrate different sources of information with

potentially heterogeneous uncertainty and make inferences (Korb

& Nicholson, 2010).

A key challenge for inference with potentially heterogeneous

observational uncertainty in BNs arises in part from exponential

growth in computation when propagating uncertain evidence

throughout a network. Additionally, there are limited degrees of

freedom in a network parameterised by deterministic conditional

probabilities (Pearl, 1988). A BN is represented as a Directed

Acyclic Graph (DAG) with nodes or variables 𝑋 ∈ 𝑽 and directed

arcs between nodes represent parent‐child (Par‐Child)

relationship which is quantified as a conditional probability

𝑃 𝑋 𝑃𝑎𝑟 𝑋 . The DAG thus encodes conditional independence

assumptions on the joint distribution of all nodes 𝑿 ; the marginal

distribution of a node 𝑋 ∈ 𝑿 given evidence 𝑬 can be written as:

𝑃 𝑋, 𝑬 ∏ ∑ ∏ 𝑃 𝑋 𝑃𝑎𝑟 𝑋 𝛿 𝑋∈ \ ,…,∈𝑽\

(1)

where 𝐹 𝑋 , 𝐶ℎ𝑖𝑙𝑑 𝑋 is the family of 𝑋 . As conditional

probabilities are typically treated as deterministic in BN

inference, observed evidence is often introduced via a term 𝛿 𝑋
(Pearl 1988).

Observational Uncertainty
There are many ways for incorporating observational uncertainty

in BN inference, which are illustrated here.

Hard evidence

The simplest form of evidence is where a node 𝑋 is observed to

be in some state 𝑥 ∗ with probability 1, i.e. 𝑃 𝑋 𝑥

𝛿 𝑋 1 𝑘 𝑘∗

0 𝑘 𝑘∗ (Pearl, 1988). Note that the introduction of

evidence via a term 𝛿 𝑋 in (1) is not consistent with Bayes rule

and thus the second axiom of probability, sum of probabilities of

all states equals one, is not guaranteed to hold.

In recent times, Bayesian Networks (BNs) and their dynamic counterpart, Dynamic Bayesian Networks (DBNs), which are a
generalised form of hidden Markov models and Kalman filters, have been applied extensively across domains including
ecology, medicine and critical infrastructure (Korb & Nicholson, 2010; Murphy, 2002). However, existing treatments of
observations, also referred to as evidence, in BNs and related state space models are constrained in their ability to capture
uncertainty (Mrad et al. 2015). Critically, existing treatments of uncertain evidence such as hard, likelihood and probabilistic
evidence, introduce additional terms to inference that do not explicitly incorporate the number of observations and can
compromise the second axiom of probability, potentially reducing the accuracy of inference outcomes.
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Likelihood Evidence (Virtual Evidence)

Likelihood evidence is used to characterise uncertainty in the

observed state where the likelihood L X 𝑃 𝑋 𝑥 𝑥∗ , 𝑥∗

is the true state. Also referred to as virtual evidence (Pearl 1988),

it is a generalisation of hard evidence as the likelihood L X

𝛿 𝑋
𝛿

⋮
𝛿

, where 𝛿 ∈ 0,1 corresponds to the probability

of observing state 𝑥 among 𝐾 states. There are numerous exact

and approximate methods for performing inference with hard

and virtual evidence, all of which solve (1) using different

computational approaches (Guo and Hsu 2002).

Learning BNs

The preceding treatments of evidence assume constant values for

BN conditional probabilities. An alternative approach for

inference under observational uncertainty is to perform BN

learning; (Daly, Shen, and Aitken 2011) provide a review.

Expectation Maximisation (EM) is a widely adopted approach for

learning Conditional Probability Tables (CPTs) that can deal with

incomplete data, which is a challenge given the combinatorial

explosion of parent‐child states. MCMC has also been used to

deal with missing data and incorporate prior knowledge to learn

CPTs (Grzegorczyk and Husmeier 2012).

An advantage of using BN learning to incorporate observational

uncertainty is that the effect of the number of observations can

be incorporated. This is not possible with hard and likelihood

evidence. However, learning methods are typically much more

computationally expensive.

Probabilistic Evidence

Unlike hard and likelihood evidence, probabilistic evidence

defines a local distribution 𝑅 𝑋 that constrains in some way the

posterior marginal distribution (Mrad et al. 2015). In the case of

fixed probabilistic evidence, 𝑅 𝑋 𝑃 𝑋 and the posterior

marginal distribution is unaffected by evidence on other nodes.

The opposite holds true for not‐fixed evidence where 𝑃 𝑋 is

not necessarily equal to 𝑅 𝑋 . By definition of 𝑅 𝑋 ,

𝑃 𝑋  needs to be computed in a different way to (1); techniques

include Iterative Proportional Fitting Procedure (IPFP) and

Jeffrey’s rule for fixed and not‐fixed, respectively (Mrad et al.

2015).

Discussion

Unlike inference with hard and likelihood evidence which

are formulated around observational uncertainty,

inference with probabilistic evidence focuses more on

fitting a network to posterior target distributions. The

former is better suited and widely applied for Maximum

A Posteriori (MAP) inference, Most Probable Explanation

(MPE) (Pearl, 1988), and Most Relevant Explanation

(MRE) (Yuan, Lim, & Lu, 2011). However, the problem

with hard and likelihood evidence is the introduction of

𝛿 𝑋 outside the probabilistic framework, violating the

second axiom of probability. One alternative is to use BN

learning techniques which allow for incorporation of

sample size effects. Although many of these methods are

still formulated on likelihood evidence, a research

opportunity exists to build on this work to create a

probabilistically consistent, computationally feasible BN

inferencing approach.

Learning 
𝑃 𝑋 𝑃𝑎𝑟 𝑋
using MCMC with 
Beta priors and 
Binomial 
likelihood (Daly, 
Shen, and Aitken 
2011). 
Posterior 
distributions for 
𝑃 𝑋 are shown 
for 10 
observations (top)
versus 100 
observations 
(bottom); ~75% of 
the observations 
are of 𝐵, 25% of 
𝐵. Note that the 
posterior mean of 
𝐶 is similar (0.47 
top, 0.45 bottom), 
but the spread is 
vastly different. 


